On CAP Representations of Even Orthogonal
Groups

David Soudry

Tel Aviv University

August 24, 2012

David Soudry On CAP Representations of Even Orthogonal Groups



Outline

0 Some Basic Notations

@ A Class of Certain CAP Representations
© The Main Theorems

@ On Proofs

e Proof of Cuspidality of o: A Simple Case

@ Proof that o is Nontrivial: A Simple Case

David Soudry On CAP Representations of Even Orthogonal Groups



Ongoing joint work with David Ginzburg and Dihua Jiang.

David Soudry On CAP Representations of Evel onal Groups



Some Basic Notations

F denotes a number field;




Some Basic Notations

F denotes a number field;
A denotes the ring of Adeles of F;

David Soudry On CAP Representations of Evel onal Groups



Some Basic Notations

F denotes a number field;
A denotes the ring of Adeles of F;
1 denotes a nontrivial character of F\A;

David Soudry On CAP Representations of Even Orthogonal Groups



Some Basic Notations

F denotes a number field;

A denotes the ring of Adeles of F;

1 denotes a nontrivial character of F\A;

SOy denotes the split special split orthogonal group in N
variables, viewed as an algebraic group over F.
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A Class of Certain CAP Representations

Let 7« be an irreducible, automorphic, cuspidal representation of
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Let 7« be an irreducible, automorphic, cuspidal representation of
A simple case, which we will sometimes consider : m = 2.
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A Class of Certain CAP Representations

Let 7« be an irreducible, automorphic, cuspidal representation of
SO2(m+k)(A), kK > 1.

A simple case, which we will sometimes consider : m = 2.

[a] Assume that 7 is CAP with respect to

SO A
Ind 2(m+k)(

Qn(4) )T|det-|s0 ®o, S>>0,

where 7, o are unitary, irreducible, automorphic, cuspidal
representations of GL;(A), SO2«(A), respectively.

David Soudry On CAP Representations of Even Orthogonal Groups



A Class of Certain CAP Representations

Let 7« be an irreducible, automorphic, cuspidal representation of
SO2(m+k)(A), kK > 1.

A simple case, which we will sometimes consider : m = 2.

[a] Assume that 7 is CAP with respect to

SO A
Ind 2(m+k)(

Qn(4) )T|det-|s0 ®o, S>>0,

where 7, o are unitary, irreducible, automorphic, cuspidal
representations of GL;(A), SO2«(A), respectively.
o - generic
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A Class of Certain CAP Representations

m itself cannot be generic.




A Class of Certain CAP Representations

m itself cannot be generic.
Otherwise, the lift of 7 to GLp (k) (A) is

7|det-|% x #|det-| % x lift(c)
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A Class of Certain CAP Representations

m itself cannot be generic.
Otherwise, the lift of 7 to GLp (k) (A) is
7|det-|% x #|det-| % x lift(c)

which cannot be an image of a functorial lift of a cuspidal
generic representation.
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A Class of Certain CAP Representations

[b] Let m = 2. Assume that 7 (on SO(2, k)(A)) supports Fourier
coefficients corresponding to the sub-regular nilpotent orbit;
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A Class of Certain CAP Representations

[b] Let m = 2. Assume that 7 (on SO(2, k)(A)) supports Fourier
coefficients corresponding to the sub-regular nilpotent orbit;
it corresponds to the partition (2k + 1, 3).
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A Class of Certain CAP Representations

The corresponding unipotent group and character have the

form
Z Yy * x %k
I * % 3
b x' s | = vz (2)(Yk-1, —EYk—Lz)@/J(”(X));
by
Z*
BeFr,
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A Class of Certain CAP Representations

1 % *
1 *

ze k1= o )
1

k—1xk—1

Yz, (2)=(Z12+ 223+ - Zk—2k—1)-
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A Class of Certain CAP Representations

With Assumptions [a], [b] on = (m = 2), we have
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A Class of Certain CAP Representations

With Assumptions [a], [b] on = (m = 2), we have
1. wr =1
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A Class of Certain CAP Representations

With Assumptions [a], [b] on = (m = 2), we have

1. wr =1
2.80:%

David Soudry

On CAP Representations of Evel

onal Groups



A Class of Certain CAP Representations

With Assumptions [a], [b] on = (m = 2), we have
1. wr =1
2.8 = %

3. LS(r x 7,8) has a pole at s = 3 (maximal).
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In general, we replace Assumption [b] by
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A Class of Certain CAP Representations

In general, we replace Assumption [b] by
[b’] O(r)=(2k+2n—-1,2n+1) (m=2n).
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A Class of Certain CAP Representations

In general, we replace Assumption [b] by
[b’] O(r)=(2k+2n—-1,2n+1) (m=2n).
We prove that 7 is symplectic (and (2), (3) above).
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A Class of Certain CAP Representations

In general, we replace Assumption [b] by

[b’] O(r)=(2k+2n—-1,2n+1) (m=2n).

We prove that 7 is symplectic (and (2), (3) above).

A Fourier coefficient with respect to (2k +2n—1,2n+1)
corresponds to the following unipotent subgroup and character
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A Class of Certain CAP Representations

zZ Yy x - % * * * *
/2 X1 *
b xp * - %
/
Ig Xn
/
X3 */
by




A Class of Certain CAP Representations

zZ Yy x - % * * * *
/2 X1 *
b XxXp * - %
/
Ig Xn
/
X3 */
by
Z*

s 7 (ko1 — Ykt 2D - xi)
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A Class of Certain CAP Representations

We show that if = satisfies [b’], then 7 has a Gelfand-Graev
model with respect to an irreducible, automorphic, cuspidal,
generic representation 7’ of SO2p,,1(A).
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A Class of Certain CAP Representations

We show that if = satisfies [b’], then 7 has a Gelfand-Graev
model with respect to an irreducible, automorphic, cuspidal,
generic representation 7’ of SOz, 1(A).
Assumption [a] implies that #’ lifts to 7.
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A Class of Certain CAP Representations

We show that if = satisfies [b’], then 7 has a Gelfand-Graev
model with respect to an irreducible, automorphic, cuspidal,
generic representation 7’ of SOz, 1(A).

Assumption [a] implies that #’ lifts to 7.

The point is that by Assumption [a], LS(7 x 7, s) has a pole at
s=1+sp.
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A Class of Certain CAP Representations

We show that if = satisfies [b’], then 7 has a Gelfand-Graev
model with respect to an irreducible, automorphic, cuspidal,
generic representation 7’ of SOz, 1(A).

Assumption [a] implies that #’ lifts to 7.

The point is that by Assumption [a], LS(7 x 7, s) has a pole at
s=1+sp.

We represent LS(r x 7, s) by Rankin-Selberg integrals in terms
of Gelfand-Graev coefficients of 7 paired against «’.
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A Class of Certain CAP Representations

We show that if = satisfies [b’], then 7 has a Gelfand-Graev
model with respect to an irreducible, automorphic, cuspidal,
generic representation 7’ of SOz, 1(A).

Assumption [a] implies that #’ lifts to 7.

The point is that by Assumption [a], LS(7 x 7, s) has a pole at
s=1+sp.

We represent LS(r x 7, s) by Rankin-Selberg integrals in terms
of Gelfand-Graev coefficients of 7 paired against «’.

They involve an Eisenstein series on SOg.1(A), induced from
7|det-|* ® . In fact, the Rankin-Selberg integral, in this case,
is a Gelfand-Graev coefficient of this Eisenstein series paired
against 7 (or vice versa).
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A Class of Certain CAP Representations

We show that if = satisfies [b’], then 7 has a Gelfand-Graev
model with respect to an irreducible, automorphic, cuspidal,
generic representation 7’ of SOz, 1(A).

Assumption [a] implies that #’ lifts to 7.

The point is that by Assumption [a], LS(7 x 7, s) has a pole at
s=1+ So-

We represent LS(r x 7, s) by Rankin-Selberg integrals in terms
of Gelfand-Graev coefficients of 7 paired against «’.

They involve an Eisenstein series on SOg.1(A), induced from
7|det-|* ® . In fact, the Rankin-Selberg integral, in this case,
is a Gelfand-Graev coefficient of this Eisenstein series paired
against 7 (or vice versa).

We get that this Eisenstein series has a pole at s = % + So.
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A Class of Certain CAP Representations

We show that if = satisfies [b’], then 7 has a Gelfand-Graev
model with respect to an irreducible, automorphic, cuspidal,
generic representation 7’ of SOz, 1(A).

Assumption [a] implies that #’ lifts to 7.

The point is that by Assumption [a], LS(7 x 7, s) has a pole at
s=1+ So-

We represent LS(r x 7, s) by Rankin-Selberg integrals in terms
of Gelfand-Graev coefficients of 7 paired against «’.

They involve an Eisenstein series on SOg.1(A), induced from
7|det-|* ® . In fact, the Rankin-Selberg integral, in this case,
is a Gelfand-Graev coefficient of this Eisenstein series paired
against 7 (or vice versa).

We get that this Eisenstein series has a pole at s = % + So.
Eventually, L(7" x 7,s) has a pole at s = % + Sg. Hence sy = %
7 is symplectic and =’ lifts to 7.
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A Class of Certain CAP Representations

Thus, we need an assumption which is a little weaker than [b’].
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A Class of Certain CAP Representations

Thus, we need an assumption which is a little weaker than [b’].
[b"] = has a Gelfand-Graev model with respect to an
irreducible, automorphic, cuspidal, generic representation 7’ of
SOz 11(A). It corresponds to the partition

(2(m+k —n) — 1,127+,
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A Class of Certain CAP Representations

Thus, we need an assumption which is a little weaker than [b’].
[b"] = has a Gelfand-Graev model with respect to an
irreducible, automorphic, cuspidal, generic representation 7’ of
SOz 11(A). It corresponds to the partition
(2(m+k —n) — 1,127+,
The corresponding unipotent group and character are of the
form
z X y
bop o X
Z*
«
= Uz (D Xmik—p 11 — Exm+k7n/f1,n/+2)a
VS Zm+k—n’—1a a € F~.
This is the information we need, so that we can use the
Rankin-Selberg integrals, as above.
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A Class of Certain CAP Representations

The Eisenstein series is now on SOy )+1(A), and is induced
from 7|det-|° ® 7’
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A Class of Certain CAP Representations

The Eisenstein series is now on SOy )+1(A), and is induced
from 7|det-|° ® 7’
Exactly as before, we get that it has a pole at s = % + S and so
does L3(n’ x 1, 8).
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A Class of Certain CAP Representations

The Eisenstein series is now on SOy )+1(A), and is induced
from 7|det-|° ® 7’

Exactly as before, we get that it has a pole at s = % + S and so
does L3(n’ x 1, 8).

Hence sy = % 7 is symplectic, and, in particular, m = 2n must
be even. Also, it follows that n < n’ and 7 figures in the isobaric
sum, which is the lift of 7’ to GLy, (A).
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A Class of Certain CAP Representations

Assumption [b] is related to Assumption [a] with the addition
that 7 is symplectic and sp = 3.
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A Class of Certain CAP Representations

Assumption [b] is related to Assumption [a] with the addition
that 7 is symplectic and sp = 3.

For almost all finite places v where =y, 7,, o, are unramified,
we can write
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A Class of Certain CAP Representations

Assumption [b] is related to Assumption [a] with the addition
that 7 is symplectic and sp = 3.

For almost all finite places v where =y, 7,, o, are unramified,
we can write

Glon(Fy 1 1
TV = IndBGLZZ,,((Fv))X1 @Xy @ - QQXn®Xp >

This follows from the fact that 7 is symplectic; in particular, it is
self-dual and has a trivial central character;
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A Class of Certain CAP Representations

Assumption [b] is related to Assumption [a] with the addition
that 7 is symplectic and sp = 3.

For almost all finite places v where =y, 7,, o, are unramified,
we can write

Glon(Fy 1 1
TV = IndBGLZZ,,((Fv))X1 @Xy @ - QQXn®Xp >

This follows from the fact that 7 is symplectic; in particular, it is
self-dual and has a trivial central character;

. SOok(Fv)
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A Class of Certain CAP Representations

Since so = % we get that 7, is the unramified constituent of
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A Class of Certain CAP Representations

Since so = % we get that 7, is the unramified constituent of

S04 v
Py = /ndBQZ:a_g‘f)(F )X1(det) @ @ xn(det) @ pg @ - @ puk.
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A Class of Certain CAP Representations

Since so = % we get that 7, is the unramified constituent of

Py = /ndSO“"(fK) Fyi(det) @ -+ @ yn(det) @ p1 @ - - & k.

py,u. Nas degenerate Whittaker models with respect to a unique
maximal nilpotent orbit; it corresponds to the partition
(2k+2n—1,2n+1).
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A Class of Certain CAP Representations

Since so = % we get that 7, is the unramified constituent of

Pyt = /ndSO“"(fK) F)yi(det) ® -~ @ yn(det) @ @ - - @ k.
py,u. Nas degenerate Whittaker models with respect to a unique
maximal nilpotent orbit; it corresponds to the partition
(2k+2n—1,2n+1).

Thus, 7 satisfying [a](with sg = %; T symplectic, e.g. assume
[b"]) is such that for any nilpotent orbit O supporting Fourier
coefficients on 7, we must have

O<(2k+2n-1,2n+1).
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A Class of Certain CAP Representations

Since so = % we get that 7, is the unramified constituent of

Pyt = /ndSO“"(fK) F)yi(det) ® -~ @ yn(det) @ @ - - @ k.
py,u. Nas degenerate Whittaker models with respect to a unique
maximal nilpotent orbit; it corresponds to the partition
(2k+2n—1,2n+1).

Thus, 7 satisfying [a](with sg = %; T symplectic, e.g. assume
[b"]) is such that for any nilpotent orbit O supporting Fourier
coefficients on 7, we must have

O<(2k+2n-1,2n+1).

Hence [b’] says that 7 "attains" the maximum nilpotent orbit
possible.

David Soudry On CAP Representations of Even Orthogonal Groups



The Main Theorems

Let m be an irreducible, automorphic, cuspidal representation of
SO4niok(A).
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The Main Theorems

Let m be an irreducible, automorphic, cuspidal representation of

SO4niok(A).
Assume that

O(r) = (2k +2n—1,2n+1).
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The Main Theorems

Let m be an irreducible, automorphic, cuspidal representation of

SO4niok(A).
Assume that

O(r) = (2k +2n—1,2n+1).

The case n = 1: wis on SO4,24(A)
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The Main Theorems

Let m be an irreducible, automorphic, cuspidal representation of

SO4niok(A).
Assume that

O(r) = (2k +2n—1,2n+1).

The case n = 1: wis on SO4,24(A)
7 is not generic, and 7 has nontrivial Fourier coefficients with
respect to the sub-regular nilpotent orbit; O(7) = (2k + 1, 3).
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The Main Theorems

We are interested in 7, whose lift to GL4p 1 24(A) is
"non-tempered".
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The Main Theorems

We are interested in 7, whose lift to GL4p 1 24(A) is
"non-tempered".
The first possible such case is when the lift of 7 has the form
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The Main Theorems

We are interested in 7, whose lift to GL4p 1 24(A) is
"non-tempered".
The first possible such case is when the lift of 7 has the form

Speh(,2)H" tempered” = Speh(r, 2)8lIift(c—cuspidal, generic)
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The Main Theorems

We are interested in 7, whose lift to GL4p 1 24(A) is
"non-tempered".
The first possible such case is when the lift of 7 has the form

Speh(,2)H" tempered” = Speh(r, 2)8lIift(c—cuspidal, generic)

This means = must be CAP as before, with sp = %; L5(7 x 7, )

has a pole at s = 3, and the assumption on O() will show that
7 must be symplectic.
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The Main Theorems

We are interested in 7, whose lift to GL4p 1 24(A) is
"non-tempered".
The first possible such case is when the lift of 7 has the form

Speh(,2)H" tempered” = Speh(r, 2)8lIift(c—cuspidal, generic)

This means = must be CAP as before, with sp = %; L5(7 x 7, )
has a pole at s = 3, and the assumption on O() will show that
7 must be symplectic.

What we explained before proves that, conversely, the
assumption on O(r) and the fact that LS(w x 7, s) has a pole at
s= g imply that 7 is symplectic. This is first part of the following
theorem which proves the converse.
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The Main Theorems

Theorem

Let 7 be an irreducible, automorphic, cuspidal representation of
SO4ni2k(A). Assume that O(m) = (2k +2n—1,2n+1).
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The Main Theorems

Theorem

Let 7 be an irreducible, automorphic, cuspidal representation of
SO4ni2k(A). Assume that O(m) = (2k +2n—1,2n+1).

Let T be an irreducible, automorphic, cuspidal representation of
GLas(A), such that LS(m x 7, s) has a pole at s = 3. Then
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The Main Theorems

Theorem

Let 7 be an irreducible, automorphic, cuspidal representation of
SO4ni2k(A). Assume that O(m) = (2k +2n—1,2n+1).

Let T be an irreducible, automorphic, cuspidal representation of
GLas(A), such that LS(m x 7, s) has a pole at s = 3. Then

1. T is symplectic.
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The Main Theorems

Theorem

Let 7 be an irreducible, automorphic, cuspidal representation of
SO4ni2k(A). Assume that O(m) = (2k +2n—1,2n+1).

Let T be an irreducible, automorphic, cuspidal representation of
GLas(A), such that LS(m x 7, s) has a pole at s = 3. Then

1. T is symplectic.

2. There is an irreducible, automorphic, cuspidal, generic
representation o of SO2x(A), such that 7 is CAP with respect to

/ndgg:("é?)ﬂ det |% ® 0.
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The Main Theorems

We can construct 7 as in the previous theorem by

Theorem

Let o and T be irreducible, automorphic, cuspidal,
representations of SO2x(A), GLo,(A), respectively.
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The Main Theorems

We can construct 7 as in the previous theorem by

Theorem

Let o and T be irreducible, automorphic, cuspidal,
representations of SO2x(A), GLo,(A), respectively.
Assume that o is generic, T is of symplectic type, and
L(o xT,5)=0.
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The Main Theorems

We can construct 7 as in the previous theorem by

Theorem

Let o and T be irreducible, automorphic, cuspidal,
representations of SO2x(A), GLo,(A), respectively.
Assume that o is generic, T is of symplectic type, and
L(o xT,5)=0.

Then there is an irreducible, automorphic, cuspidal
representation w of SO4pn24(A), such that
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The Main Theorems

We can construct 7 as in the previous theorem by

Theorem

Let o and T be irreducible, automorphic, cuspidal,
representations of SO2x(A), GLo,(A), respectively.
Assume that o is generic, T is of symplectic type, and

L(o xT,5)=0.

Then there is an irreducible, automorphic, cuspidal
representation w of SO4pn24(A), such that

O(m) = (2k+2n—1,2n+ 1) and « is CAP with respect to

Ind(s;z):("é?)ﬂ det |% ® 0.
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On Proofs

We relate « and o through a kernel integral, as in the theta
correspondence.
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On Proofs

We relate « and o through a kernel integral, as in the theta
correspondence.

The construction of the kernel function is by the descent
method: we apply a certain Fourier coefficient to a residue of
an Eisenstein series.
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On Proofs

We relate « and o through a kernel integral, as in the theta
correspondence.

The construction of the kernel function is by the descent
method: we apply a certain Fourier coefficient to a residue of
an Eisenstein series.

Consider the Eisenstein series corresponding to

/ndso“"(k*‘(s) |det-|% @ --- @ 7| det |5+,
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On Proofs

We relate « and o through a kernel integral, as in the theta
correspondence.

The construction of the kernel function is by the descent
method: we apply a certain Fourier coefficient to a residue of
an Eisenstein series.

Consider the Eisenstein series corresponding to

/ndso“"(k*‘(s) |det-|% @ --- @ 7| det |5+,

It has a pole at (k + .k — %,.... 3, 3).
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On Proofs

We relate « and o through a kernel integral, as in the theta
correspondence.

The construction of the kernel function is by the descent
method: we apply a certain Fourier coefficient to a residue of
an Eisenstein series.

Consider the Eisenstein series corresponding to

/ndsow“(s) |det |5 @ @ 7| det |5+

It has a pole at (k + .k — %,.... 3, 3).
Denote by ©; the residual representation. It is irreducible and

square-integrable.
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On Proofs

At a finite place v, where ©, , is unramified, 7, is unramified.
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On Proofs

At a finite place v, where ©, , is unramified, 7, is unramified.
Write, as before,

dGLZn(FV)

1 _
Tv:In BGLgn(Fv)X1®X1 ®®X”®Xﬂ1
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On Proofs

At a finite place v, where ©, , is unramified, 7, is unramified.
Write, as before,

GLop(Fv — —
Ty = InC/BGLZ2 ((/_—V))X1 ® X4 1 ®"'®Xn®Xn1'

Then ©,,, is the unramified constituent of

SOy4n )(Fv)
ndo(zig)t:(ﬁ,) x1(det) ® - - - ® xn(det).
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On Proofs

At a finite place v, where ©, , is unramified, 7, is unramified.
Write, as before,

GLon(Fy — -
Ty = IndBGLZ ((/_—V))X1 ® X4 1 ®"'®Xn®Xn1'
2n
Then ©,,, is the unramified constituent of
SOun(k+1)(Fv)

ndo(2k+2)n(Fv) X1 (det) Q- ® Xn(det)

This representation has degenerate Whittaker models with
respect to a unique maximal nilpotent orbit; it corresponds to
the partition ((2n)2k+2).
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On Proofs

We apply to ©, a Fourier coefficient corresponding to the
partition ((2n — 1)k, 14n+2kK),
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On Proofs

We apply to ©, a Fourier coefficient corresponding to the
partition ((2n — 1)k, 14n+2k),
For n = 1, the corresponding unipotent subgroup is trivial.
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On Proofs

We apply to ©, a Fourier coefficient corresponding to the
partition ((2n — 1)k, 14n+2k),
For n = 1, the corresponding unipotent subgroup is trivial.

Denote by Z,, x and 1z, , the corresponding unipotent subgroup
and character. They have the following form
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On Proofs

We apply to ©, a Fourier coefficient corresponding to the
partition ((2n — 1)k, 14n+2k),
For n = 1, the corresponding unipotent subgroup is trivial.

Denote by Z,, x and 1z, , the corresponding unipotent subgroup
and character. They have the following form

u y ¢
z= lany YV ]S
u*
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On Proofs

where u has the form

bk X
bk Xo

Xn—2
ok
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On Proofs

where u has the form

bk X
bk X2
u=

Xn—2

bk
O2n4kx2k

Denote X1 = (O2kx2k(n—2): l2k)Y bk

O2n4kx2k
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On Proofs

where u has the form

bk X
bk X2
u=

Xn—2

bk
O2n4kx2k

Denote X1 = (O2kx2k(n—2): l2k)Y bk

O2n4kx2k

Then ¢Zn,k(z) = 'Lﬂ(tr(X1 +Xo+---+ Xn—1))-
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On Proofs

The stabilizer of ¢z, , in the Levi subgroup GLJ; " x SO4(n4) is
isomorphic to SOz x SO4py2k;
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On Proofs

The stabilizer of ¢z, , in the Levi subgroup GLJ; " x SO4(n4) is
isomorphic to SOz x SO4py2k;

(9, h) = diag(g, -.,9.19. hl, g, ... 9) (g repeated
(n—1)+(n—1) times);
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On Proofs

The stabilizer of ¢z, , in the Levi subgroup GLJ; " x SO4(n4) is
isomorphic to SOz x SO4py2k;

(9, h) = diag(g, -.,9.19. hl, g, ... 9) (g repeated
(n—1)+(n—1) times);

hy  hy
[g ’ h] = g )
hy  hy

g € SOz, h € SO4p;2k-
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On Proofs

For f € ©,, we consider the Fourier coefficient
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On Proofs

For f € ©,, we consider the Fourier coefficient

ook (g, h) = / f(2(g, h)w3' (2)dz.
Zn,k(F)\Zn,k(A) ’
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On Proofs

For f € ©,, we consider the Fourier coefficient

(. = |

f(2(g. w3z (2)dz.
Zn,k(F)\Zn,k(A) ’

viewed as an automorphic function on SO2x(A) x SO4p12k(A).
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On Proofs

For f € ©,, we consider the Fourier coefficient

(. = |

f(2(g. w3z (2)dz.
Zn,k(F)\Zn,k(A) ’

viewed as an automorphic function on SO2x(A) x SO4p12k(A).
In case n =1, f*Zx(g, h) = f([g, h)).
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On Proofs

We use /% (g, h) as a kernel function.
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On Proofs

We use /% (g, h) as a kernel function.
We define o to be the representation of SO»(A) in the space of
automorphic functions generated by the functions
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On Proofs

We use /% (g, h) as a kernel function.
We define o to be the representation of SO»(A) in the space of
automorphic functions generated by the functions

g / %k (g, h)pr(h)dh.
SOun+2k(F)\SOan 2k (A)
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On Proofs

We use /% (g, h) as a kernel function.
We define o to be the representation of SO»(A) in the space of
automorphic functions generated by the functions

g / %k (g, h)pr(h)dh.
SOun+2k(F)\SOan 2k (A)

We may start with 0 on SO24(A) and define = similarly via

he [ F70x (g, h)po(9)dg.
SO2k(F)\SO2«(A)
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On Proofs

To get the correspondence of unramified parameters, we prove,
at finite places v, where our representations are unramified
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On Proofs

To get the correspondence of unramified parameters, we prove,
at finite places v, where our representations are unramified

Theorem

Assume that
HomSOZK(Fv)XSO4n+2k(Fv)(‘7(’%/)2”7,( (eT,V) ® by ® T, 1) # 0.
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On Proofs

To get the correspondence of unramified parameters, we prove,
at finite places v, where our representations are unramified

Theorem

Assume that
HomSOZK(Fv)XSO4n+2k(Fv)(‘7(’%/)2”7,( (Orv) @6y ®@my, 1) #0.
Then my is isomorphic to the unramified constituent of

o5 ot o
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On Proofs

In the theorem, J(4,,), k(@T,V) denotes the twisted Jacquet
module of ©,, with res7pect to (¢V)Zn,k-
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On Proofs

In the theorem, J(4,,), k(@T,V) denotes the twisted Jacquet

module of ©,, with res7pect to (¢V)Zn,k-
In the proof, we use that (2k +2n— 1,2n+ 1) is majorized by a

top orbit of =, .
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Proof of Cuspidality of o: A Simple Case

Let n = 1. We show that the constant term of ¢ along the
radical of the GL,-parabolic subgroup is zero.
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Proof of Cuspidality of o: A Simple Case

Let n = 1. We show that the constant term of ¢ along the
radical of the GL,-parabolic subgroup is zero.

Using a simple conjugation by a Weyl element, we need to
show

Ik O y
f(|  h 0])es(h)dydh=o0.

/SO4+2k(F)\SO4+2k(A) /V(F)\V(A) Ik
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Proof of Cuspidality of o: A Simple Case

Let n = 1. We show that the constant term of ¢ along the
radical of the GL,-parabolic subgroup is zero.

Using a simple conjugation by a Weyl element, we need to
show

Ik 0 y
/ / (| h 0))en(h)dydh=o0.
SO412k(F)\SO4y2¢(A) J V(F)\V(A) Ik

Consider the Fourier expansion of the following smooth function
ON Micx (4+2k) (F)\ M (4-426) (A),
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Proof of Cuspidality of o: A Simple Case

Let n = 1. We show that the constant term of ¢ along the
radical of the GL,-parabolic subgroup is zero.

Using a simple conjugation by a Weyl element, we need to
show

Ik 0 y
/ / (| h 0))en(h)dydh=o0.
SO412k(F)\SO4y2¢(A) J V(F)\V(A) Ik

Consider the Fourier expansion of the following smooth function
ON Micx (4+2k) (F)\ M (4-426) (A),

Ik x y
x»—>/ f( lyiok X' | h)dy.
VIF)\V(A) I
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Proof of Cuspidality of o: A Simple Case

The characters of x that appear in the Fourier expansion have
the form v (tr(xa)), where a € M4 ok xk(F)-
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Proof of Cuspidality of o: A Simple Case

The characters of x that appear in the Fourier expansion have
the form ¢ (tr(xa)), where a € M42k)xk(F)-

We have the natural action of SO4,24(F) x GL(F) on these
characters.
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Proof of Cuspidality of o: A Simple Case

The characters of x that appear in the Fourier expansion have
the form ¢ (tr(xa)), where a € M42k)xk(F)-

We have the natural action of SO4,24(F) x GL(F) on these
characters.

We use the fact that ((2)%%*2) is the maximal nilpotent orbit of
©, to show that only orbits of matrices of the following form
contribute to the Fourier expansion
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Proof of Cuspidality of o: A Simple Case

The characters of x that appear in the Fourier expansion have
the form ¢ (tr(xa)), where a € M42k)xk(F)-

We have the natural action of SO4,24(F) x GL(F) on these
characters.

We use the fact that ((2)%%*2) is the maximal nilpotent orbit of
©, to show that only orbits of matrices of the following form
contribute to the Fourier expansion

(I O
ag—<0 0), ? < k.
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Proof of Cuspidality of o: A Simple Case

Substitute the Fourier expansion. We get

/ 0
SO4.+2k(F)\SOs2¢(A)

(a,8)
I X y a
/ (o X Bh | )e " (tr(xar))dudh,
Ue(F)\Uk(4) I o
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Proof of Cuspidality of o: A Simple Case

Substitute the Fourier expansion. We get

®
/SO4+2k(F)\SO4+2k(A) (a,8)

Ik x y o
/ (| hyex X sh | ) (tr(xa))dudh,
Uk(F)\Uk(A) o

I

where (a, 8) € (Py(F) x Qu(F))A\GLk(F) x SO4_2k(F).
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Proof of Cuspidality of o: A Simple Case

The elements of (P,(F) x Q,(F))® have the form
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Proof of Cuspidality of o: A Simple Case

The elements of (P,(F) x Q,(F))® have the form

(" *>7(a1 : E:))'

Collapsing sum and integral,

©x(h)
/QZ(F)\SO4+21<(A) aepg%k(,:)
Ik x y o
/ (| o x| [ h |y (tr(xa))duch,
Uk(F)\Uk(4) I o
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Proof of Cuspidality of o: A Simple Case

We prove

Theorem

Let f € ©,. Then the following function on SO4.2x(A) is left
invariant to the Adele points of the unipotent radical of Qy,
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Proof of Cuspidality of o: A Simple Case

We prove

Theorem

Let f € ©,. Then the following function on SO4.2x(A) is left
invariant to the Adele points of the unipotent radical of Qy,

e x v\ [k
h— f( /4+2k X' h
Uk(F)\Uk(A)

Ik
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Proof of Cuspidality of o: A Simple Case

Thus, when ¢ > 1, we can factor our integral modulo the Adele
points of the unipotent radical of Q, and the corresponding
constant term of the cusp form ¢, appears as an inner integral,
and hence we get zero.
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Proof of Cuspidality of o: A Simple Case

Thus, when ¢ > 1, we can factor our integral modulo the Adele
points of the unipotent radical of Q, and the corresponding
constant term of the cusp form ¢, appears as an inner integral,
and hence we get zero.

It follows that only the trivial character may contribute to the
Fourier expansion above (¢ = 0). Therefore our constant term
(of o along V) is equal to
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Proof of Cuspidality of o: A Simple Case

Thus, when ¢ > 1, we can factor our integral modulo the Adele
points of the unipotent radical of Q, and the corresponding
constant term of the cusp form ¢, appears as an inner integral,
and hence we get zero.

It follows that only the trivial character may contribute to the
Fourier expansion above (¢ = 0). Therefore our constant term
(of o along V) is equal to

/ U () (h)ah.
S04+ 2k(F)\SO424(A)
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Proof of Cuspidality of o: A Simple Case

Thus, when ¢ > 1, we can factor our integral modulo the Adele
points of the unipotent radical of Q, and the corresponding
constant term of the cusp form ¢, appears as an inner integral,
and hence we get zero.

It follows that only the trivial character may contribute to the
Fourier expansion above (¢ = 0). Therefore our constant term
(of o along V) is equal to

/ U () (h)ah.
S04+ 2k(F)\SO424(A)
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Proof of Cuspidality of o: A Simple Case

It follows that k is even, and then one can express fU in terms
of a similar residual Eisenstein series ©/. on SO42x(A).
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Proof of Cuspidality of o: A Simple Case

It follows that k is even, and then one can express fU in terms
of a similar residual Eisenstein series ©/. on SO42x(A).
Of course, for f' € @,

/ F(hex(h)ah = 0.
SO4.42k(F)\SOs12k(A)
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Proof of Cuspidality of o: A Simple Case

Consider constant terms of elements of o along the unipotent
radical of a standard maximal parabolic subgroup; its elements
have the form

I X y
bok—ry X'
Ir
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Proof of Cuspidality of o: A Simple Case

Consider constant terms of elements of o along the unipotent
radical of a standard maximal parabolic subgroup; its elements
have the form

I X y
bok—ry X'
Ir

Similar arguments show that this constant term is equal to

/ Y () (h)ah,
SO412k(F)\SO42(A)
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Proof of Cuspidality of o: A Simple Case

Consider constant terms of elements of o along the unipotent
radical of a standard maximal parabolic subgroup; its elements
have the form

I X y
bok—ry X'
Ir

Similar arguments show that this constant term is equal to

/ Y () (h)ah,
SO412k(F)\SO42(A)

where U, is the unipotent radical of the standard parabolic
subgroup of SO4k4.1), whose Levi part is isomorphic to
GLr X SOq(k+1)—2r-
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Proof of Cuspidality of o: A Simple Case

Thus, r = 2j must be even and the constant term fY%i(h) can be
expressed in terms of a similar residual Eisenstein series ©/. on
SO4(k—j+1)(A). Therefore, we need to consider, for ' ¢ O,
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Proof of Cuspidality of o: A Simple Case

Thus, r = 2j must be even and the constant term fY%i(h) can be
expressed in terms of a similar residual Eisenstein series ©/. on
SO4(k—j+1)(A). Therefore, we need to consider, for ' ¢ O,

/ f'(h)ex(h)dh.
SO4.42k(F)\SOs124(A)
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Proof of Cuspidality of o: A Simple Case

Thus, r = 2j must be even and the constant term fY%i(h) can be
expressed in terms of a similar residual Eisenstein series ©/. on
SO4(k—j+1)(A). Therefore, we need to consider, for ' ¢ O,

/ f'(h)ex(h)dh.
SO4.42k(F)\SOs124(A)

This is a tower property.
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Proof of Cuspidality of o: A Simple Case

Thus, r = 2j must be even and the constant term fY%i(h) can be
expressed in terms of a similar residual Eisenstein series ©/. on
SO4(k—j+1)(A). Therefore, we need to consider, for ' ¢ O,

/ f'(h)ex(h)dh.
SO4.42k(F)\SOs124(A)

This is a tower property.
We use that O(7) = (2k + 1, 3) to show that the last integral is
identically zero.
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Proof that o is Nontrivial: A Simple Case

Let n=1 and k = 2. We show that a Whittaker coefficient is
nontrivial on o. In particular, this implies that o is nontrivial.
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Proof that o is Nontrivial: A Simple Case

Let n=1 and k = 2. We show that a Whittaker coefficient is
nontrivial on o. In particular, this implies that o is nontrivial.
Using a simple conjugation by a Weyl element, we need to
show that

1 x y %
1 0 —y
/ or(h) f( h )~ (x+y)dxdydh
SOg(F)\SOg(4) F2\A2 1 —x
1

is not identically zero.
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Proof that o is Nontrivial: A Simple Case

Consider the Fourier expansion of the following smooth function
on F8\A8,
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Proof that o is Nontrivial: A Simple Case

Consider the Fourier expansion of the following smooth function
on F8\A8,

1 x v y =
1 0 —y
Vi f( I v/ | W)y (x + y)dxdy.
F2\A2 1 —x
1
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Proof that o is Nontrivial: A Simple Case

Consider the Fourier expansion of the following smooth function
on F8\A8,

1 x v y =
1 0 —y
Vi f( I v/ | W)y (x + y)dxdy.
F2\a2 1 —x
1

The characters of v that appear in the Fourier expansion have
the form ¢(< v, e >), where e € F&. We have the natural action
of SOg(F) on these characters.
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Proof that o is Nontrivial: A Simple Case

Consider the Fourier expansion of the following smooth function
on F8\A8,

1 x v y =
1 0 —y
Vi f( I v/ | W)y (x + y)dxdy.
F2\a2 1 —x

The characters of v that appear in the Fourier expansion have
the form ¢(< v, e >), where e € F&. We have the natural action
of SOg(F) on these characters.

We use again the fact that ((2)2k+2) is the maximal nilpotent
orbit of ©. to show that only the orbit of e, such that

< e, e >= —2 contributes to the Fourier expansion.
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Proof that o is Nontrivial: A Simple Case

Substitute the Fourier expansion. We get

er(h)
/SOB(F)\SOS(A) ;
1 u * Ig
/ f( o u ~h )w_1(U1+U2—U9+U10)dUdh,
F10\A10 1 /2
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Proof that o is Nontrivial: A Simple Case

Substitute the Fourier expansion. We get

er(h)
/SOB(F)\SOS(A) ;
1 u * Ig
/ f( ho U vh )b~ (th + U2 — Ug+ iso ) dudh,
F10\A10 1 /2

where v € SO7(F)\SOg(F) (with an appropriate embedding of
SOy inside SOg) .
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Proof that o is Nontrivial: A Simple Case

We can rewrite the last integral as

/ oalh)
507(F)\S08(4)
1 u * /2
/ tl ho v)el  n De'(u)dudn,
F10\A10 1 I
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Proof that o is Nontrivial: A Simple Case

We can rewrite the last integral as

/ oalh)
507(F)\S08(4)
1 u * /2
/ tl ho v)el  n De'(u)dudn,
F10\A10 1 I

where € has the form diag(1, €', 1) ; it is a certain rational lower
unipotent element, which commutes with SO7.
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Proof that o is Nontrivial: A Simple Case

We use the fact that, for f € ©,, the following function on
SO40(A) is left invariant to the Adele points of the unipotent
radical of the standard parabolic subgroup, whose Levi part is
isomorphic to GL1 x SOg
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Proof that o is Nontrivial: A Simple Case

We use the fact that, for f € ©,, the following function on
SO40(A) is left invariant to the Adele points of the unipotent
radical of the standard parabolic subgroup, whose Levi part is
isomorphic to GL1 x SOg

1 u % 1
g~ f( ho U g )¢~ (ur)du.
F10\ 410 1 1
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Proof that o is Nontrivial: A Simple Case

We get

/ <(h)

SO7(F)\SOg(A)

1 x U =x
1 vV % * Ig
/ f kv el h|)e'(un)duoh,
V(F)\V(A) 1 —x I3
1
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Proof that o is Nontrivial: A Simple Case

This can be written as

/ oMY [ h ])an,
SO7(F)\SOg(A)
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Proof that o is Nontrivial: A Simple Case

This can be written as

lo
/ ox (M) | h ])oh,
507(F)\50s(4) b

where Y2 denotes the constant term of f with respect to the
unipotent radical of the maximal parabolic subgroup, whose
Levi part is isomorphic to GLy x SOg; the super v indicates
taking the Fourier coefficient with respect to
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Proof that o is Nontrivial: A Simple Case

This can be written as

lo
/ ox (M) | h ])oh,
507(F)\50s(4) b

where Y2 denotes the constant term of f with respect to the
unipotent radical of the maximal parabolic subgroup, whose
Levi part is isomorphic to GLy x SOg; the super v indicates
taking the Fourier coefficient with respect to

(6 1) w0
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Proof that o is Nontrivial: A Simple Case

Factor integration through SO7(A).
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Proof that o is Nontrivial: A Simple Case

Factor integration through SO7(A).

/ / onlgh) (%) (ge [ h |)dgdh.
S07(4)\S0g(4) J507(F)\S07(4)
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Proof that o is Nontrivial: A Simple Case

Factor integration through SO7(A).

/ / on(gh)(f%)(ge | b |)agah.
S07(A)\S08(4) /507 (F)\S07(4)

We show that this is identically zero iff the inner integral is
identically zero.
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Proof that o is Nontrivial: A Simple Case

Factor integration through SO7(A).

/ / on(gh)(f%)(ge | b |)agah.
S07(A)\S08(4) /507 (F)\S07(4)

We show that this is identically zero iff the inner integral is
identically zero.

We prove that the space of functions on SO7(A) generated by
the restrictions to SO7(A) of the functions (%)%, as f varies in
O, is equal to
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Proof that o is Nontrivial: A Simple Case

Factor integration through SO7(A).

/ / onlgh) (%) (ge [ h |)dgdh.
S07(4)\S0g(4) J507(F)\S07(4)

We show that this is identically zero iff the inner integral is
identically zero.

We prove that the space of functions on SO7(A) generated by
the restrictions to SO7(A) of the functions (%)%, as f varies in
O, is equal to

the residual Eisenstein series ©" - corresponding to the
parabolic induction from 7| det-|* ® o,, at s = 1;
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Proof that o is Nontrivial: A Simple Case

Factor integration through SO7(A).

/ / on(gh)(f%)(ge | b |)agah.
S07(A)\S08(4) /507 (F)\S07(4)

We show that this is identically zero iff the inner integral is
identically zero.

We prove that the space of functions on SO7(A) generated by
the restrictions to SO7(A) of the functions (%)%, as f varies in
O, is equal to

the residual Eisenstein series ©" - corresponding to the
parabolic induction from 7| det-|* ® o,, at s = 1;

o, is the descent of 7 to SO3(A).
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Proof that o is Nontrivial: A Simple Case

Thus, we consider the integral

/ ©r(9)f'(9)dg,
SO7(F)\SO7(A)
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Proof that o is Nontrivial: A Simple Case

Thus, we consider the integral

/ ©r(9)f'(9)dg,
SO7(F)\SO7(A)

where f' € ©",. This integral is the residue at s = 3 of the
Rankin-Selberg integral representing LS(r x 7, s);
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Proof that o is Nontrivial: A Simple Case

Thus, we consider the integral

/ ©r(9)f'(9)dg,
SO7(F)\SO7(A)

where f' € ©",. This integral is the residue at s = 3 of the
Rankin-Selberg integral representing LS(r x 7, s);

This integral is expressed in terms of the Gelfand-Graev model
of 7 with respect to o,. As we explained in the beginning, this
coefficient is nontrivial.
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Proof that o is Nontrivial: A Simple Case

Thus, we consider the integral

/ ©r(9)f'(9)dg,
SO7(F)\SO7(A)

where f' € ©",. This integral is the residue at s = 3 of the
Rankin-Selberg integral representing LS(r x 7, s);

This integral is expressed in terms of the Gelfand-Graev model
of 7 with respect to o,. As we explained in the beginning, this
coefficient is nontrivial.

Since LS(7 x 7, s) has a pole at s = 3, we conclude that the
last integral is nontrivial. This proves that the -Whittaker
coefficient of ¢ is nontrivial and hence o is nontrivial.
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